In this work, we present a dynamic behavior of the avian-human in uenza epidemic model by using ecient computational algorithm, namely the multistage differential transform method(MsDTM). The MsDTM is used here as an algorithm for approximating the solutions of the avian-human in uenza epidemic model in a sequence of time intervals. In order to show the e ciency of the method, the obtained numerical results are compared with the fourth-order Runge-Kutta method (RK4M) and di erential transform method(DTM) solutions. It is shown that the MsDTM has the advantage of giving an analytical form of the solution within each time interval which is not possible in purely numerical techniques like RK4M.
Introduction
The DTM is a semi-analytical method for solving dynamical system as well as other equations. The method gives an analytical solution in the form of polynomial. But it is di erent from Taylor series method that requires expensive computation of high order derivatives. The DTM was rst introduced by Zhou in a study about electrical circuits [1] . The main advantage of this method is that it can be applied directly to study of nonlinear ordinary di erential equations without requiring linearization, discretization or perturbation. Another important advantage is that this method is capable of greatly reducing the size of computational work while still accurately providing the series solution with fast convergence rate. The DTM have been studied widely in physics and mathematics [2] [3] [4] [5] [6] [7] [8] .
Even if DTM provides a promising algorithm for solving many linear and nonlinear problems arising in various science and engineering elds, it also has some drawbacks. Since DTM is based on the Taylor series which gives a local convergences and it has only a truncated approximation, it does not exhibits a good approximation in a large domain. Recently, the multistage DTM (MsDTM) [9] [10] [11] is proposed to accelerate the convergence of the truncated approximation in a large domain as well as to improve the accuracy of the standard DTM. The MsDTM applies the standard DTM in each subdomain.
The aim of this paper is to extend the application of the MsDTM to solve a avian-human in uenza epidemic model.
Model description
Recently, Iwami et al. [12] constructed an avian-human inuenza epidemic model to interpret the transmission of avian in uenza among birds and humans. This model describes the time variations of six state variables: the susceptible birds rate x, the infected birds with avian infulenza rate y, the susceptible human rate s, the infected human with avian in uenza rate b, the infected human with mutant avian in uenza rate h, and the recovered human from mutant avian in uenza rate r. Iwami et al. in [12] offer the avian-human in uenza epidemic model as
where parameter c is the birth rate of new birds. κ, κ + m, are death rate of susceptible and infected birds respectively, where m is the additional death rate by avian in-uenza. The parameter ω is the incidence rate of avian inuenza from an infected bird. Hence, ωxy can be considered as the force of infection at time t by infected birds with avian in uenza. The parameter λ is the birth rate of new humans. µ, µ+d, are death rate of susceptible and infected humans respectively, where d is the additional death rate by avian in uenza. The parameter β is the incidence rate of avian in uenza from an infected bird. Thus β sy can be viewed as the force of infection at time t by infected birds with avian in uenza. The parameter ε is the mutation rate, γ is the recovery rate, α is the additional death rate mediated by mutant avian in uenza, and β is the incidence rate of mutant avian in uenza from an infected human. Thus, β sh can be considered as the force of infection at time t by infected humans with mutant avian in uenza. Remark that all constants are positive and ε is su ciently small. Moreover, κ is su ciently larger than µ(κ µ), α is less than d and d is less than m(m > d > α) because of the di erences of the virulence.
Qualitative analysis of model
The bird system is described by
System (2) has a disease-free equilibrium (the absence of infection, that is, y = ),
and the bird-endemic equilibrium (the presence of infection) is
The basic reproduction number for avian in uenza in the bird world, r , is de ned as the expected number of new infected birds from one infected bird in a fully susceptible population through the entire duration of the infectious period
.
Then nd that there exists e + in R + if and only if r > . The disease free equilibrium e is globally asymptotically stable on R + if r ≤ . On the other hand the bird-endemic equilibrium e + is globally asymptotically stable on R + if r > . Namely, the avian in uenza eliminate in the bird world if r ≤ . On the other hand, the avian in uenza spreads in the bird world if r > . System (1) has a disease free equilibrium (the absence of the infected birds with avian in uenza, humans with avian in uenza and mutant avian in uenza, that is,
the human-endemic equilibrium (the presence of the infected humans with mutant avian in uenza but the absence of the birds and humans infected with avian inuenza) is
and the full-endemic equilibrium (the presence of the infected birds with avian in uenza, the infected humans with avian in uenza and one with mutant avian in uenza) is
where,
The basic reproduction number of mutant avian in uenza in the human world is
There always exists E in R + . Then nd that there exists E
The disease free equilibrium E is locally asymptotically stable if r < and R < and the human-endemic equilibrium E + is locally asymptotically stable if r < and R > . The full-endemic equilibrium E ++ is locally asymptotically stable if r > . The avian in uenza and mutant avian in uenza eliminate in the human world if r ≤ and R < and mutant avian in uenza spreads in the human world if R > . The both avian in uenza and mutant avian in uenza spread in the human world if r > .
Solution by DTM
Suppose x(t) be analytic in the time domain D, then it has derivatives of all orders with respect to time t. The di eren-tial transformation of the kth derivative of a function x(t) id de ned as follows:
The di erential inverse transformation of X(k) if de ned as follows:
From (3) and (4), we obtain 
Solution by MsDTM
and its di erential inverse transformation of X(k) is dened as follows
We divide the time domain H in n subdomains to obtain a globally accurate solution. In this way, the di erential equation can then be solved in each subdomain to obtain a piecewise nite series solution. Using a few Taylor series terms to construct the solution in a small time interval H i , where H = n i= H i is a main advantage of domain split process. Considering the function x(t) can be expressed in the i-th sub-domain (t i− ≤ t ≤ t i ), the one dimensional differential transformation is given by the following equation
Applications
In this section, we will apply the MsDTM to solution of avian-human in uenza epidemic model. Consider avianhuman in uenza infection model, by taking both sides of the systems of equations given Equation (1) and initial values is transformed as follows: (9) describe avian- human in uenza infection model, from a process of inverse di erential transformation, i.e.
where X(k), Y(k), S(k), B(k), H(k) and R(k) are the differential transformations of the corresponding functions x(t), y(t), s(t), b(t), h(t) and r(t), respectively. The di erence equations presented in Equations
x(t) = n k= ( t H i ) k X i (k), ≤ t ≤ H i , y(t) = n k= ( t H i ) k Y i (k), ≤ t ≤ H i , s(t) = n k= ( t H i ) k S i (k), ≤ t ≤ H i , b(t) = n k= ( t H i ) k B i (k), ≤ t ≤ H i ,(9)h(t) = n k= ( t H i ) k H i (k), ≤ t ≤ H i , r(t) = n k= ( t H i ) k R i (k), ≤ t ≤ H i .
The obtained results by MsDTM and the RK4M for x(t), y(t), s(t), b(t), h(t) and r(t) are compared in the next section.

Numerical results and discussion
In this section, we present numerical simulations to illustrate and support our analytical results on the spread of avian in uenza and mutant avian in uenza. De ne
The initial conditions are given by the region Ω illustrates that there are not the infected humans with avian inuenza and mutant avian in uenza. Therefor, the solution with a initial condition in Ω foretels the spread of avian inuenza and mutant avian in uenza in the human world. Hence the initial condition is given by x( ) = , y( ) = , s( ) = , b( ) = , h( ) = and r( ) = . For a numerical study, the following values are used in the model (1):
, β = . , β = .
. and γ = .
The Figures 1(a)-3(a) show that the DTM diverges after small time while the MsDTM ts with RK4M in the whole intervals. The Figures 1(b)-3(b) indicate that if the human do not prevent the spread of avian in uenza the pandemic will occur. Figure 1 (b) explains the density of the birds infected with avian in uenza. It denotes that just after the incidence of avian in uenza in the bird world the infected birds with avian in uenza are endemic. Figure 12 (b) explains the density of the humans infected with avian in uenza. It denotes that at rst, the infected humans with avian in uenza emerge to be pandemic and thereafter are preserve at low level. Figure 3 (b) explains the density of humans infected with mutant avian in uenza. This indicates that the infected humans with mutant avian in uenza abruptly outbreak and thereafter keep the relatively high level of the density.
Therefore, if the human do not prevent the incidence of avian in uenza our mathematical model warns that the second outbreak by mutant avian in uenza will occur. -Case 2: c = . , κ = , ω = , m = , λ = , µ = .
, ϵ = − , d = , α = . and γ = .
The Figures 5(a)-7 (a) highlight that the MsDTM showes qualitative behavior of system as well as RK4M in whole intervals, while the DTM diverges. Figure 6(b) shows that the density of the humans infected with avian in uenza. It indicates that the infected humans with avian in uenza appear to be pandemic again and thereafter become endemic. Figure 7 (b) shows that the density of the humans infected with mutant avian in uenza. Compare Figures 7(b)  and 3(b) . We discover the infected humans with mutant avian in uenza in Figure 7 (b) are not pandemic. This indicates that we have two types of pandemic, one is by avian in uenza and the other is by mutant one.
The Figures 9(a) and 11(a) suggest the standard DTM cannot solve the problem for larger time. This method is e ective for small time but, the solutions of MsDTM t well with the solutions by the RK4M. The Figures 9(b)-11(b) show that if the humans do not prevent the spread of avian in uenza that two types of the pandemic will also occur. These gures mention that if the human do not prevent the spread of avian in uenza the second outbreak by mutant avian in uenza will occur. These simulations, show that the speed of spread for avian in uenza in the bird world is very faster than one in the human world. This is because the life-time of birds is shorter than one of humans. Thus, it is di cult for us to control the spread of avian in uenza by vaccinating birds after the incidence of avian in uenza in the bird world. See  Figures 12(b) and 10(b) . The humans infected with avian in uenza become extinct for r < (Figure 9(b) ), but keeps some positive number for r > (Figure 12(b) ).
Conclusion
In this paper, MsDTM was used for nding solutions of avian-human in uenza infection model. We suggested a technique which acted such as the DTM as an algorithm in a sequence of intervals to nd accurate approximate so- 
